The quantum Hall effect (QHE) with quantized Hall resistance of
The Quantum Hall effect (QHE) with quantized Hall resistance plateaus of height h/νe 2 was firstly observed in two-dimensional (2D) electron systems in 1980 (1) . Here, h is Planck constant, ν is Landau filling factor and e is electron charge. The QHE in the 2D electron systems with high mobility is originated from the formation of Landau levels (LLs) under strong external magnetic field. Subsequently, the exact quantization was explained by Laughlin based on gauge invariance and was later related to a topological invariance of the energy bands, which is characterized by Chern number C (2) (3) (4) (5) intercalated with an additional Mn-Te bilayer (11) (12) (13) (14) (15) (16) (17) (18) (19) . This material exhibits ferromagnetic (FM) order within septuple layer (SL) and anti-ferromagnetic (AFM) order between neighboring SLs with an out-of-plane easy axis (11), as displayed in To get insight into the evolution of the topological states in the 9-SL MnBi 2 Te 4 nano-device, we carried out magneto-transport measurements at various back gate voltages V bg . Figure 1D displays the gate-dependent magneto-transport properties of s1 under perpendicular magnetic field at T=1.9 K. Two sharp transitions at around 2.5
T and 5.0 T can be clearly observed on both R xx and R yx in Fig. 1D . These two transitions may mark the beginning and ending of the spins flipping process. With further applying perpendicular magnetic field, the sample is supposed to enter the perfectly aligned FM state (19) . Figure 1E (11, 20) , it gets greatly enhanced in the FM state by PT symmetry breaking, which generates relatively dispersive bands along the -direction (Fig. S2) . Remarkably, the magnetic transition results in a topological phase transition from AFM TI to a magnetic Weyl semimetal in the bulk (11, 12) , leading to a physical scenario to design Chern insulators with C > 1. Figure 1G shows the schematic FM order and electronic structure of the C=2 Chern insulator state with two chiral edge states across the band gap. The above physical picture is confirmed by the first-principles study, which gives for the bulk and shows that indeed increases by 1 for every (Fig. 4B) . Note that it is theoretically challenging to accurately predict , since the predicted depends sensitively on the exchange-correlational functional and the lattice structure. Based on the modified Becke-Johnson (mBJ)
functional (23), we systematically tested the influence of lattice parameter on band structure and (Fig. S2) , and finally decided to use the experimental value . As shown in Fig. 4B , the 9-SL film is a high-Chern-number band insulator with . Compared to the AFM films studied before (11), band structure of the FM film displays much more pronounced quantum confinement effects, as visualized by significant band splitting between quantum well states (Fig. 4C) . A quantum confinement induced gap ~5 meV is located at the point. The edge-state calculation reveals that there exist two chiral gapless edge channels within the gap (Fig. 4D) 
